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a b s t r a c t
A rapid development of time series models and methods addressing volatility in
computational finance and econometrics are recently reported in the financial literature.
This paper considers doubly stochastic volatility models with GARCH errors. General
properties for process mean, variance and kurtosis are derived as these results can be used
in model identification.
Crown Copyright© 2011 Published by Elsevier Ltd. All rights reserved.
1. Introduction
The sophisticated analysis used by the financial industry has lent increasing importance to time seriesmodeling. Recently,
there has been growing interest in the use of nonlinear volatility models in finance and economics. Many financial series,
such as returns on stocks and foreign exchange rates, exhibit leptokurtosis and volatility varying in time. These two features
have been the subject of extensive studies ever since Nicholls and Quinn [1], Engle [2], Engle and Gonzalez-Rivera [3]
reported them. Kurtosis measured by the moment ratio K = µ4
µ22
, gives an estimate of the peakedness of unimodal curves.
Leptokurtic curves have K > 3. Random coefficient autoregressive (RCA) models Nicholls and Quinn [1], the autoregressive
conditional heteroscedastic (ARCH) models, Engle [2] and its generalization, the GARCH model, Bollerslev [4] provide a
convenient framework to study time-varying volatility in financial markets. Financial time series models for intra-day
trading are typical example of doubly stochastic models with GARCH errors. In this paper, we derive the kurtosis for the
doubly stochastic models with various class of GARCH innovations. Recently, there has been growing interest in using
nonlinear time series models in finance and economics (see Thavaneswaran et al. [5], Abraham and Thavaneswaran [6]
and Leipus and Surgallis [7]). In Section 2, some doubly stochastic models with GARCH innovations are introduced and the
formula for kurtosis is derived in terms of model parameters.
2. Doubly stochastic models
Let {yt} be a doubly stochastic stationary time series satisfying
yt = (φ + θt) yt−1 + εt (2.1)
θt+1 = aθt + (1+ θt) ηt+1 (2.2)
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where
(i)

ηt
εt

N∼

0
0

,

σ 2η 0
0 σ 2ε

,
(ii) 1− a2 − σ 2η < 1,
(iii) 1− a2 − 2σ 2η − φ2 + φ2a2 + φ2σ 2η < 1.
The following theorem gives the form of the kurtosis of stationary doubly stochastic models with i.i.d. errors.
Theorem 2.1. Let {yt} be a stationary doubly stochastic time series satisfying
yt = (φ + θt) yt−1 + εt (2.3)
θt+1 = aθt + (1+ θt) ηt+1 (2.4)
where εt is an identically distributed independent sequence of variables having mean zero and variance σ 2εt . Then, the moments
for the model are:
(a) E (θt) = 0, E

θ2t
 = σ 2η
1−a2−σ 2η

(b) E

θ3t
 = 6a σ 4η
1−a3−3aσ 2η

1−a2−σ 2η

(c) E

θ4t
 = 3σ 4η −1−a2−5σ 2η+a3+a5−16a3σ 2η+3aσ 2η−9aσ 4η −1+a3+3aσ 2η −1+a2+σ 2η −1+6a2σ 2η+a4+3σ 4η 
(d) K (θ) = 3 1− a2 − σ 2η   1+a2+5σ 2η−a3−a5+16a3σ 2η−3aσ 2η+9aσ 4η1−6a2σ 2η−a4−3σ 4η 1−a3−3aσ 2η 

(e) E(y2t ) =
σ 2ε

1−a2−σ 2η

1−a2−2σ 2η−φ2+φ2a2+φ2σ 2η
(f) E(y4t ) =
3σ 4ε +6σ 2ε

E

θ2t

+φ2

E

y2t−1


1−φ4−E

θ4t

−6φ2E

θ2t

−4φE

θ3t

(g) K (y) = 3

1−φ4−2φ2E

θ2t

−

E

θ2t
2
1−φ4−E

θ4t

−6φ2E

θ2t

−4φE

θ3t


Proof.
E (θt+1) = E (aθt + (1+ θt) ηt+1) = E (aθt + ηt+1 + ηt+1θt)
= aE (θt)+ E (ηt+1)+ E (ηt+1) E (θt) = aE (θt) = 0
and
E

θ2t+1
 = E (aθt + (1+ θt) ηt+1)2
= E a2θ2t + 2aθtηt+1 + 2aθ2t ηt+1 + η2t+1 + 2η2t+1θt + η2t+1θ2t 
= a2E(θ2t )+ E

η2t+1
+ E η2t+1)E(θ2t  = a2E(θ2t )+ σ 2η + σ 2η E(θ2t ).
Thus,
E

θ2t+1
− a2E(θ2t )− σ 2η E(θ2t ) = σ 2η
E

θ2t
 = σ 2η
1− a2 − σ 2η
 .
Moreover,
E

θ3t+1
 = E (aθt + (1+ θt) ηt+1)3
= a3E θ3t + 6aE θ2t  σ 2η + 3aE θ3t  σ 2η ,
and hence
E

θ3t
 = 6aσ 2η E θ2t 
(1− a3 − 3aσ 2η )
=

6aσ 2η
(1− a3 − 3aσ 2η )

σ 2η
1− a2 − σ 2η
 .
Now
E

θ4t+1
 = E (aθt + (1+ θt) ηt+1)4
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gives
E

θ4t
 = 3σ 4η + 6a2σ 2η E θ2t + 6 3σ 4η  E θ2t + 12a2σ 2η E θ3t + 4 3σ 4η  E θ3t 
(1− 6a2σ 2η − a4 − 3σ 4η )
=
3σ 4η +

6a2σ 2η + 18σ 4η
  σ 2η
1−a2−σ 2η
+ 12a2σ 2η + 12σ 4η  6a σ 4η1−a3−3aσ 2η 1−a2−σ 2η 

(1− 6a2σ 2η − a4 − 3σ 4η )
= 3σ
4
η
−1− a2 − 5σ 2η + a3 + a5 − 16a3σ 2η + 3aσ 2η − 9aσ 4η −1+ a3 + 3aσ 2η  −1+ a2 + σ 2η  −1+ 6a2σ 2η + a4 + 3σ 4η  .
Hence the Kurtosis K (θ) is given by
K (θ) =
3σ 4η

−1−a2−5σ 2η+a3+a5−16a3σ 2η+3aσ 2η−9aσ 4η


−1+a3+3aσ 2η

−1+a2+σ 2η

−1+6a2σ 2η+a4+3σ 4η

σ 2η
1−a2−σ 2η
2
= 3 1− a2 − σ 2η 

1+ a2 + 5σ 2η − a3 − a5 + 16a3σ 2η − 3aσ 2η + 9aσ 4η
1− 6a2σ 2η − a4 − 3σ 4η
 
1− a3 − 3aσ 2η
  .
Similarly, it can be shown that
E(y2t ) =
σ 2ε
1− φ2 − E θ2t  = σ
2
ε
1− φ2 −

σ 2η
1−a2−σ 2η

= −σ
2
ε
−1+ a2 + σ 2η 
1− a2 − 2σ 2η − φ2 + φ2a2 + φ2σ 2η
= σ
2
ε

1− a2 − σ 2η

1− a2 − 2σ 2η − φ2 + φ2a2 + φ2σ 2η
= σ
2
ε

1− a2 − σ 2η

1− a2 − 2σ 2η − φ2 + φ2a2 + φ2σ 2η
and
E(y4t ) =
3σ 4ε + 6σ 2ε

E

θ2t
+ φ2 E y2t−1
1− φ4 − E θ4t − 6φ2E θ2t − 4φE θ3t 
and
K (y) = E(y
4
t )
E(y2t )
2 =

3σ 4ε + 6σ 2ε

E

θ2t
+ φ2 E y2t−1
1− φ4 − E θ4t − 6φ2E θ2t − 4φE θ3t 

1− φ2 − E θ2t 
σ 2ε
2
=

3

1− φ2 − E θ2t 2
1− φ4 − E θ4t − 6φ2E θ2t − 4φE θ3t 

+

6

E

θ2t
+ φ2 E y2t−1 1− φ2 − E θ2t 2
1− φ4 − E θ4t − 6φ2E θ2t − 4φE θ3t  σ 2ε

=

3

1− φ2 − E θ2t 2 + 6 E θ2t + φ2 1− φ2 − E θ2t 
1− φ4 − E θ4t − 6φ2E θ2t − 4φE θ3t 

=

3− 3φ4 − 6φ2E θ2t − 3 E θ2t 2
1− φ4 − E θ4t − 6φ2E θ2t − 4φE θ3t 

= 3

1− φ4 − 2φ2E θ2t − E θ2t 2
1− φ4 − E θ4t − 6φ2E θ2t − 4φE θ3t 

.
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Thus, we have
K (y) = 3

1− φ4 − 2φ2

σ 2η
1−a2−σ 2η
−  σ 2η
1−a2−σ 2η
2

1− φ4 −

3σ 4η
−1− a2 − 5σ 2η + a3 + a5 − 16a3σ 2η + 3aσ 2η − 9aσ 4η −1+ a3 + 3aσ 2η  −1+ a2 + σ 2η  −1+ 6a2σ 2η + a4 + 3σ 4η 

−6φ2

σ 2η
1− a2 − σ 2η
− 4φ  6aσ 4η
1− a3 − 3aσ 2η
 
1− a2 − σ 2η



.
Now we consider the class of doubly stochastic models with GARCH errors in Section 3. 
3. Doubly stochastic models with GARCH errors
The following theorem provides the moments of a doubly stochastic model with GARCH (1,1) errors.
Theorem 3.1. Consider the following doubly stochastic volatility model with GARCH errors of the form
yt = (φ + θt) yt−1 + εt
θt+1 = aθt + (1+ θt) ηt+1
εt =

htZt
ht = ω + αε2t−1 + βht−1
then, we have
E(y2t ) =

1− a2 − σ 2η

ωσ 2Z
1− a2 − 2σ 2η − φ2 + φ2a2 + φ2σ 2η
 
1− ασ 2Z − β

E(y4t ) =
3σ 4Z

ω2

1+ασ 2Z +β


1−(ασ 2Z +β)

(1−3α2σ 4Z −2αβσ 2Z −β2)

+ 6ω
2σ 4Z

σ 2η+φ2−φ2a2−φ2σ 2η


1−a2−2σ 2η−φ2+φ2a2+φ2σ 2η

−1+ασ 2Z +β
2
1− φ4 −

3σ 4η
−1− a2 − 5σ 2η + a3 + a5 − 16a3σ 2η + 3aσ 2η − 9aσ 4η −1+ a3 + 3aσ 2η  −1+ a2 + σ 2η  −1+ 6a2σ 2η + a4 + 3σ 4η 

−6φ2

σ 2η
1− a2 − σ 2η
− 4φ  6aσ 4η
1− a3 − 3aσ 2η
 
1− a2 − σ 2η


and the kurtosis of the process is given by K (y) = E

y4t

E

y2t
2 .
Proof.
E(y2t ) = E ((φ + θt) yt−1 + εt)2
= E y2t−1φ2 + 2y2t−1φθt + 2yt−1φεt + y2t−1θ2t + 2yt−1θtεt + ε2t 
= φ2E y2t−1+ E θ2t  E y2t−1+ E [ht−1] σ 2Z
E(y2t ) =
E [ht−1] σ 2Z
1− φ2 − E θ2t  =

ω
(1−(ασ 2Z +β))

σ 2Z
1− φ2 − E θ2t 
=

1− a2 − σ 2η

ωσ 2Z
1− a2 − 2σ 2η − φ2 + φ2a2 + φ2σ 2η
 
1− ασ 2Z − β

and note that
E(y4t ) = φ4E

y4t−1
+ E y4t−1 E θ4t + 3σ 4Z E h2t−1+ 6φ2E y4t−1 E θ2t + 4φE y4t−1 E θ3t 
+ 6σ 2Z E [ht ] E

y2t−1

E

θ2t
+ 6φ2σ 2Z E [ht ] E y2t−1+ 12φσ 2Z E [ht−1] E y2t−1 E (θt)
1772 S. Peiris et al. / Applied Mathematics Letters 24 (2011) 1768–1773
and
E(y4t )

1− φ4 − E θ4t − 6φ2E θ2t − 4φE θ3t  = 3σ 4Z E h2t−1+ 6σ 2Z E [ht ] E y2t−1 E θ2t 
+6φ2σ 2Z E [ht ] E

y2t−1
+ 12φσ 2Z E [ht−1] E y2t−1 E (θt)
E(y4t ) =
3σ 4Z E

h2t
+ 6σ 2Z E (ht) E y2t−1 E θ2t + 6φ2σ 2Z E (ht) E y2t−1
1− φ4 − E θ4t − 6φ2E θ2t − 4φE θ3t 
= 3σ
4
Z E

h2t
+ E (ht) E y2t−1 6σ 2Z E θ2t + 6φ2σ 2Z 
1− φ4 − E θ4t − 6φ2E θ2t − 4φE θ3t  .
Thus, we have
E(y4t ) =
3σ 4Z

ω2

1+ασ 2Z +β


1−(ασ 2Z +β)

1−3α2σ 4Z −2αβσ 2Z −β2
+ 6ω2σ 4Z σ 2η+φ2−φ2a2−φ2σ 2η 
1−a2−2σ 2η−φ2+φ2a2+φ2σ 2η

−1+ασ 2Z +β
2
1− φ4 −

3σ 4η
−1− a2 − 5σ 2η + a3 + a5 − 16a3σ 2η + 3aσ 2η − 9aσ 4η −1+ a3 + 3aσ 2η  −1+ a2 + σ 2η  −1+ 6a2σ 2η + a4 + 3σ 4η 

−6φ2

σ 2η
1− a2 − σ 2η
− 4φ  6aσ 4η
1− a3 − 3aσ 2η
 
1− a2 − σ 2η


and the kurtosis of the process follows definition. 
Theorem 3.2. For the doubly stochastic model of the form
yt = (φ + θt) yt−1 + εt
θt+1 = aθt + (1+ θt) ηt+1
εt =

htZt
ht = ω + αε2t−1 + γ ε2t−1I(εt−1 < 0)+ βht−1
Then, we have the following results
E (ht) =

2ω
2− 2α − γ − 2β

,
E

h2t
 = ω2 + (2ωα + ωγ + 2ωβ) E (ht−1)
1− β2 + 2αβ + βγ + K (Z)αγ + K (Z)α2 + 12K (Z)γ 2 ,
and
E(y2t ) =
2ωσ 2Z

1− a2 − σ 2η

(2− 2α − γ − 2β) 1− a2 − 2σ 2η − φ2 + φ2a2 + φ2σ 2η  ,
E(y4t ) =
K (Z)E

h2t
+ E (ht) E y2t−1 6σ 2Z E θ2t + 6φ2σ 2Z 
1− φ4 − E θ4t − 6φ2E θ2t − 4φE θ3t 
K (ε) = K (Z)

1− β2 + 2αβ + βγ + αγ + α2 + 12γ 2
1− β2 + 2αβ + βγ + K (Z)αγ + K (Z)α2 + 12K (Z)γ 2

,
thus,
K (y) =

K (Z)
σ 4Z

1− β2 + 2αβ + βγ + αγ + α2 + 12γ 2 1− a2 − 2σ 2η − φ2 + φ2a2 + φ2σ 2η 2
1− β2 + 2αβ + βγ + K (Z)αγ + K (Z)α2 + 12K (Z)γ 2 −1+ a2 + σ 2η 2

+

6

σ 2η + φ2 − φ2a2 − φ2σ 2η
 
1− a2 − 2σ 2η − φ2 + φ2a2 + φ2σ 2η
2−1+ a2 + σ 2η 2 1− a2 − 2σ 2η − φ2 + φ2a2 + φ2σ 2η 



1− φ4 − 3σ
4
η
−1− a2 − 5σ 2η + a3 + a5 − 16a3σ 2η + 3aσ 2η − 9aσ 4η −1+ a3 + 3aσ 2η  −1+ a2 + σ 2η  −1+ 6a2σ 2η + a4 + 3σ 4η 
− 6φ
2σ 2η
1− a2 − σ 2η
 − 24φaσ 4η
1− a3 − 3aσ 2η
 
1− a2 − σ 2η

 .
(3.1)
The proof of Theorem 3.2 is somewhat similar to the proof Theorem 3.1 and hence omitted.
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4. Conclusions
In this paper, kurtosis of some doubly stochastic models with GARCH errors are derived. The doubly stochastic GARCH
model may be viewed as a special case of a state space model for y2t and inference for these processes will be studied in a
future paper.
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